The paper is concerned with the existence of positive solutions and convergence of Mann iterative methods for a second order neutral delay differential equation. Three nontrivial examples are presented.
Introduction and Preliminaries
Recently, some researchers discussed the existence of solutions for the first and second order neutral delay differential equations, for example, see [1] - [4] and the references cited therein. Zhang et al. [3] established the existence of a nonoscillatory solution for the first order linear neutral differential equation with positive and negative coefficients x(t) + p(t)x(t − τ ) + Q 1 (t)x(t − σ 1 ) − Q 2 (t)x(t − σ 2 ) = 0, ∀t ≥ t 0 , (1.1) where p ∈ C [t 0 , +∞), R . Liu et al. [2] got the existence of bounded nonoscillatory solutions for the first order nonlinear neutral delay differential equation
x(t) + c(t)x(t − τ ) + h(t)f(x(t − σ 1 ), x(t − σ 2 ), . . . , x(t − σ k )) = g(t), ∀t ≥ t 0 ,
where c ∈ C [t 0 , +∞), R . Kulenović and Hadžiomerspahić [1] studied the existence of a nonoscillatory solution for the second order linear neutral delay differential equation with positive and negative coefficients x(t) + px(t − τ ) + Q 1 (t)x(t − σ 1 ) − Q 2 (t)x(t − σ 2 ) = 0, ∀t ≥ t 0 , (1.3)
where p ∈ R\{±1}. Zhou [4] discussed solvability of the second order nonlinear neutral differential equation 4) where p ∈ C [t 0 , +∞), R .
Motivated by the papers mentioned above, in this paper, we investigate the following second order neutral delay differential equation
By applying the Banach fixed point theorem, we obtain the existence of uncountably many bounded positive solutions and convergence of the Mann iterative methods for Eq.(1.5), respectively. Three examples are included.
Throughout this paper, we assume that R = (−∞, +∞), R + = [0, +∞),
BC [β, +∞), R is the Banach space of all continuous bounded functions on [β, +∞) with norm
It is easy to see that A(N, M) is a bounded closed and convex subset of
By a solution of Eq.(1.5) we mean a function x ∈ BC [β, +∞), R for some
are continuously differentiable on [T, +∞) and Eq.(1.5) is satisfied for t ≥ T .
Existence of Uncountably Many Bounded Positive Solutions
Now we use the Banach fixed point theorem to show the existence of uncountably many bounded positive solutions of Eq.(1.5).
Theorem 2.1. Assume that there exist constants M, N, p 0 and functions q, r ∈ C([t 0 , +∞), R + ) satisfying
, there exist θ ∈ (0, 1) and T > τ + |t 0 |+|β| such that for each x 0 ∈ A(N, M), the Mann iterative sequence{x m } m≥0 generated by the scheme
converges to a bounded positive solution x ∈ A(N, M) of Eq.(1.5) and has the following error estimate: Proof. Firstly, we prove that (a) holds.
By means of (2.3) and (2.4), we deduce that there exist θ ∈ (0, 1) and T > τ + |t 0 | + |β| satisfying
Obviously, S L x is continuous for each x ∈ A(N, M). From (2.2), (2.4), (2.8) and (2.10), we infer that for any x, y ∈ A(N, M) and t ≥ T
which gives that
In view of (2.1), (2.4), (2.9) and (2.10), we conclude that for any x ∈ A(N, M) and
which yield that S L (A(N, M)) ⊆ A(N, M). It follows from (2.11) that S L is a contraction mapping and it has a fixed point x ∈ A(N, M), which is a bounded positive solution of Eq.(1.5). On account of (2.5), (2.10) and (2.11), we infer that for any m ≥ 0 and t ≥ T
that is, (2.6) holds. Thus (2.6) and (2.7) mean that lim m→∞ x m = x.
As in the proof of (a), for each i ∈ {1, 2} there exist θ i ∈ (0, 1), 8)-(2.10) , where θ, T, S L are replaced by θ i , T i , S L i , respectively, and S L i has a fixed point z i ∈ A(N, M), which is also a bounded positive solution of Eq.(1.5), that is,
(2.13)
In order to prove (b), we need only to show that z 1 = z 2 . In fact, (2.2), (2.4), (2.8), (2.12) and (2.13) give that for any t ≥ max{T 1 , T 2 }
which yields that
that is, z 1 = z 2 . This completes the proof.
Theorem 2.2. Assume that there exist constants M, N, p 0 and functions q, r ∈ C([t 0 , +∞), R + ) satisfying (2.1)-(2.3) and
, there exist θ ∈ (0, 1) and T > τ + |t 0 | + |β| such that for each x 0 ∈ A(N, M), the Mann iterative sequence {x m } m≥0 generated by (2.5) with (2.7) converges to a bounded positive solution x ∈ A(N, M) of Eq.(1.5) and has the error estimate (2.6); (b) Eq.(1.5) has uncountably many bounded positive solutions in A(N, M).
. By virtue of (2.3) and (2.14), we get that there exist θ ∈ (0, 1) and T > τ + |t 0 | + |β| satisfying (2.8) and
Let the mapping S L : A(N, M) → BC([β, +∞), R) be defined by (2.10). Combining (2.1), (2.10), (2.14) and (2.15), we derive that for any x, y ∈ A(N, M) and (N, M) . The rest of the proof is similar to that of Theorem 2.1, and is omitted. This completes the proof. 
